Abstract. Let g be a principal modulus with rational Fourier coefficients for a discrete subgroup of SL 2 (R) between Γ(N ) or Γ 0 (N ) † for a positive integer N . Let K be an imaginary quadratic field. We give a simple proof of the fact that the singular value of g generates the ray class field modulo N or the ring class field of the order of conductor N over K. Furthermore, we construct primitive generators of ray class fields of arbitrary moduli over K in terms of Hasse's two generators.
Introduction
Let Γ be a discrete subgroup of SL 2 (R) commensurable with SL 2 (Z). This group acts on the complex upper half-plane H = {τ ∈ C; Im(τ ) > 0} by fractional linear transformations, and the orbit space X(Γ) = Γ\H * , where H * = H ∪ P 1 (Q), can be given the structure of a compact Riemann surface ( [16, §1.5] ). When X(Γ) is of genus zero, a generator of the field of all meromorphic functions on X(Γ) is called a principal modulus for Γ.
For a positive integer N we denote Γ(N) = {γ ∈ SL 2 (Z) ; γ ≡ ( 1 0 0 1 ) (mod N)}, Γ 1 (N) = {γ ∈ SL 2 (Z) ; γ ≡ ( 1 * 0 1 ) (mod N)}, Γ 0 (N) = {γ ∈ SL 2 (Z) ; γ ≡ ( * * .
Let Γ be a discrete subgroup of SL 2 (R) with Γ(N) ≤ Γ ≤ Γ 0 (N) † for which X(Γ) is of genus zero. Let g be a principal modulus for Γ with rational Fourier coefficients (if any). For an imaginary quadratic field K of discriminant d K we denote
In this paper, we shall first give a simple proof of the result concerning ray class fields (Theorem 4.3) by using a theorem of Franz ([8, Satz 1] ). On the other hand, Stevenhagen ([17, §3, 6] ) developed a quite explicit version of Shimura's reciprocity law. This means that we don't need to follow the methods of Choi-Koo and Cho-Koo which are difficult of access. And, we can give an alternative proof of the result about ring class fields (Theorem 4.6).
For an imaginary quadratic field K and a positive integer N, let K (N ) be the ray class field modulo NO K . Cho-Koo ([2, Corollary 5.5]) combined Hasse's two generators of K (N ) by using the result of Gross-Zagier ( [9] ) and Dorman ([6] ) so that they obtained a primitive generator of K (N ) over K. In exactly same way we shall construct primitive generators of ray class fields of arbitrary moduli over K (Theorem 5.7).
Fields of modular functions
Let (r 1 , r 2 ) ∈ Q 2 − Z 2 . We define the k th Fricke function (k = 1, 2, 3) (with respect to (r 1 , r 2 )) on H by
where
and the sums are taken over all (m, n) ∈ Z 2 −{(0, 0)}. For simplicity we often write
be the elliptic modular function, and denote
Note that there are relations
and f
We use the notations q = e 
Hence, each function in F N has a Laurent expansion with respect to q 1/N with coefficients in Q(ζ N ), which is called the Fourier expansion. Furthermore, F N is a Galois extension of
First, γ 1 acts by the rule
And, the action of γ 2 is given by a fractional linear transformation ([15, Chapter 6 Theorem 3]).
For a discrete subgroup Γ of SL 2 (R) commensurable with SL 2 (Z) we denote the corresponding modular curve by X(Γ). In particular, if Γ = Γ(N) (respectively, Γ 1 (N), Γ 0 (N), Γ 0 (N) † ) for a positive integer N, then we simply write X(N) (respectively, X 1 (N), X 0 (N), X 0 (N) † ) for X(Γ). Furthermore, we let C(X(Γ)) be the field of all meromorphic functions on X(Γ), and Q(X(Γ)) be the subfield of C(X(Γ)) consisting of functions with rational Fourier coefficients. Proposition 2.3. Let N be a positive integer. (
and Φ
Hence f (1/N,0) (Nτ ) belongs to C (X 1 (N) ). Furthermore, it has rational Fourier coefficients by Proposition 2.3(iii). The same properties hold for f 
Shimura's reciprocity law
For an imaginary quadratic field K of discriminant of d K we let θ K be as in (1.1). We denote the Hilbert class field of K by H K . Let N be a positive integer and O be the order of conductor N in K, namely, O = [Nθ K , 1]. We denote by K (N ) and H O the ray class field modulo NO K and the ring class field of O, respectively. The following proposition is a consequence of the theory of complex multiplication ([15, Chapter 10]). Proposition 3.1. Let K be an imaginary quadratic field and N be a positive integer. Let K be an imaginary quadratic field. For each positive integer N we define the matrix group
We have an explicit description of Shimura's reciprocity law ([16, Propositions 6.31 and 6.34]) due to Stevenhagen.
Proposition 3.2. Let K be an imaginary quadratic field and N be a positive integer. Then W N,K gives rise to the surjection
whose kernel is
Proof. See [17, §3] .
Corollary 3.3. Let K be an imaginary quadratic field and O be the order of conductor N (≥ 1) in K. Then the map in (3.1) induces an isomorphism
Proof. See [13, Proposition 5.3].
Now we can develop an analogue of Proposition 3.1(i) in the case of ring class fields.
Theorem 3.4. Let K be an imaginary quadratic field and O be the order of conductor N (≥ 1) in K. Then
Proof. Put R be the field on the right hand side of (3.2), which is contained in K (N ) by Proposition 3.1(i). Since j(Nτ ) ∈ Q(X 0 (N)) by Proposition 2.3(ii) and
. Let h(τ ) be an element of Q(X 0 (N)) which is defined at θ K . Let ( t 0 0 t ) ∈ GL 2 (Z/NZ) with t ∈ (Z/NZ) * , which can be viewed as an element of Gal( Lemma 4.2. Let g(τ ) be a principal modulus with rational Fourier coefficients for a discrete subgroup Γ of SL 2 (R) commensurable with SL 2 (Z) for which X(Γ) is of genus zero. For a given τ 0 ∈ H, assume that g(τ 0 ) is an algebraic number. If
Hence min(g(τ 0 ), Q) divides both A(X) and B(X), which contradicts that A(X) and B(X) are relatively prime. Therefore, B(g(τ 0 )) = 0 and h(τ 0 ) ∈ Q(g(τ 0 )). Lemma 4.5. Let K be an imaginary quadratic field and O be the order of conductor
Proof. Put a = j(θ K ) and b = j(Nθ K ). Let σ be an element of Gal(H O /K) which fixes both ab and a+ b. We then derive (a−a 
Proof. We derive that Therefore, which implies that min(h(θ K ), K) is a polynomial with rational coefficients.
Primitive generators of ray class fields
For a nonzero integral ideal c of an imaginary quadratic field K we denote the ray class field modulo c by K c . As a consequence of the theory of complex multiplication we get the following proposition.
Proposition 5.1. Let K be an imaginary quadratic field and c be a nontrivial integral ideal of K. Take any element z in c −1 − O K and let (r 1 , r 2 ) be the pair of rational numbers such that z = r 1 θ K + r 2 . Then we have (r 1 ,r 2 ) (θ K ) is a primitive generator of K c over K by Proposition 5.1. So we assume that K = Q( √ −1), Q( √ −3) (and hence k = 1). Since N 2 f (r 1 , r 2 )(τ ) is integral over Z[j(τ )] by Lemma 5.6, its singular value N 2 f (r 1 ,r 2 ) (θ K ) is an algebraic integer by Lemma 5.2. Therefore, we achieve the assertion by Lemma 5.3.
